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Abstract 

We propose a general method to realize an arbitrary Weyl group of 
Kac-Moody type as a group of birational canonical transformations, by 
means of a nilpotent Poisson algebra. 

Introduction 

In this paper we propose a general method to realize an arbitrary Weyl group 
of Kac-Moody type as a group of birational canonical transformations. Our 
construction is formulated by means of a nilpotent Poisson algebra. It can be 
regarded as a conceptual generalization of the birational Weyl group actions 
proposed in our previous paper M. We also discuss a certain cocycle related 
to this realization and its regularity, and give a proof to a generalization of the 
regularity conjecture ||. 

The plan of this paper is as follows. We give a summary of our main results in 
Section 1. Fixing a generalized Cartan matrix A, we take as a datum a nilpotent 
Poisson algebra Ao generated by a set of elements <pi (i G /) satisfying the Serre 
relations (specified by the GCM A) with respect to the adjoint action by the 
Poisson bracket. Starting from such an Aq, we formulate a method to realize the 
Weyl group W = W(A) associated with A, as a group of birational cano nica l 



transformations of a field of rational fun ction s defined by Ao (Theorem 1.1 ) 



We also intr odu ce r-functions in Theorem L2 for our realization, and formulate 
in Theorem a certain regularity property of the T-cocycle arising from the 
transformations of r-functions. After describing explicit examples in the cases 



of rank 2, we give in Section 3 a proof of Theorems 1.1 and 1.2. 

In Section 4, we explain a Lie theoretic background of our birational real- 
ization of the Weyl group, in terms of Kac-Moody Lie algebras and Kac-Moody 
groups. In fact, we consider the birational dressing action of a lift W of the 
Weyl group on the Borel subgroup, induced through the Gauss decomposition 
in the Kac-Moody group. Our realization is then obtained by transferring this 
dressing action to the Borel subalgebra through the adjoint action. We give a 
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proof of regularity of the r-cocycle (Theorem 1.2) in Section 5 by using the ge- 
ometric interpretation of Section 4. Finally in Section 6, we give some remarks 
related to our birational realization of Weyl groups. 



1 Summary of results 

1.1 Birational realization of the Weyl group 

Let A — (dij)i,3&i be a generalized Cartan matrix (GCM for short). By defini- 
tion, A is an integer matrix satisfying the conditions 

a.jj ■— 2; CHj < (i^j); = = 0, (1.1) 

for any i,j G /. When the indexing set is infinite, we always assume that A 
is locally finite; i.e., for any i G I, ciij = except for a finite number of j's. 
We denote the root lattice for A by Q = © ie j "Lai and the coroot lattice by 
Q v = Z/ij, where ai and hi are the simple roots and the simple coroots, 

respectively. The canonical pairing ( , ) : Q v xQ^Z between the two lattices 
is defined by (hi,aij) — (i,j E I). The Weyl group W(-A) for A is defined 
by the generators Ti (i £ I) with fundamental relations 

r| = l, ( ri r 3 -) m «=l (i^j), (1.2) 

where = 2,3,4,6 or oo according as a^aji — 0,1,2,3, or > 4. This group 
acts naturally on Q and Q v by 

Ti.a — a - ai(hi,a) (a 6 Q), n.h = h — (h,ai}hi (heQ v ), (1.3) 

respectively, so that (itf./i, w.a) = (h, a) for any h e Q v and a e Q. Let C[A] be 
the polynomial ring in the indctcrminatcs A = (Xi)iei- In the following context, 
each Xi will be regarded as a variable corresponding to the simple coroot hi. 
The Weyl group W(A) = ( r s ; (i 6 I)) acts on C[A] as a group of automorphisms 
such that Tj{\i) = Xi — aijXj for i, j e /. 

By a Poisson algebra, we mean a commutative C-algebra A endowed with 
a skew-symmetric bilinear form { , } : A x A — > A, called the Poisson bracket, 
such that 

(i) {fg,h} = {f,h}g + f{g,h}, {f,gh} = {f,g}h + g{f,h}, 

(ii) {/, {g, h}} + {g, {h, /}} + {h, {/, .g}} = 0, ( ' ' 

for any f,g,heA. A homomorphism T : A — -> £> between two Poisson algebras 
will be called a canonical transformation: 

T(fg)=T(f)T(g), T({f,g}) = {T(f),T(g)} (f,geA). (1.5) 

We now fix a generalized Cartan matrix A = (cty)i,je/, and a Poisson algebra 
.4o- We assume that the algebra Aq has no zerodivisors, and that as a Poisson 
algebra, _4o is generated by a set of nonzero elements (tpi)i<=i such that 

ad {} (^)- QlJ+1 (^) = (ijtj), (1.6) 
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where ad{}(/) = {/, •} stands for the adjoint action by the Poisson bracket. We 
denote by A = Ao [A] the ring of polynomials in the A- variables with coefficients 
in Ao, and by IC — Q(A) the held of fractions of A. Roughly speaking, IC is the 
field of rational functions in the variables Xj , and tpj together with the Poisson 
brackets among ip/s: 

IC = CiXjWj^cpi, <fj}, {(ft, {(fj, ip k }}, ■ ■ ■)• (1-7) 

Note that the Poisson bracket { , } of Ao extends uniquely to K so that {Aj, (p} — 
((f G JC) for any i 6 I, As to the Weyl group action on the A-variables, 
we use the same notation T{ for the .Ao-linear automorphism of IC defined by 
r i(^j) = <\j ~ a-ji^i (J G /). For each i G I, we define a homomorphism 
Si : A^> AlpJ 1 ^ G /)] as the composition 



exp ( — adsx((fi) | or, (i e I). 



1. 



Note that, for any ip £ Ao, the action of on ip is determined as the finite sum 

BiW = i> + —{'Pi^} + ^ (-) {<Pi,{<pi,4>}} + '--, (i-9) 

since the action of ad/\(<^,) is locally nilpotent on Ao- These homomorphisms 
Si : A — > A[(fJ (j G /)] (i G /) extend to automorphisms of IC = for 
which we use the same notation Si. 

Theorem 1.1 The automorphism Sj (i G /) of the field of fractions IC — Q(A), 
defined as above, give a realization of the Weyl group W(A) for the GCM A, as 
a group of canonical transformations of IC. Namely, 

(1) These automorphisms preserve the Poisson bracket of IC : For each i G I, 

8i({<P, rl>}) = i> G IC). (1.10) 

(2) They satisfy the fundamental relations for the generators ofW(A): 



si 



= 1, ( SiSi r« = i (i^j), (l.n) 



where rriij = 2, 3,4, 6 or oo according as aijaji — 0, 1, 2, 3, or > 4. 



Theorem 1.1 is a systematic generalization of the realization of the Weyl group 
we discussed previously in terms of nilpotent Poisson algebras. (See Remark 
at the end of this section.) 

Our realization of the Weyl group is closely related to the universal exponen- 
tial solution to the Yang-Baxter equation, due to S. Fomin and A.N. Kirillov 
[pj. In order to clarify the point, let us define the R-operator Ri(t) with a 
formal parameter t by 

Ri{t) = exp fl-ad^i)) (1.12) 
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for each i G /, so that Sj = Ri(Xi) o rj. The Coxeter relation (siSj) mij = 1 
(i ^ j) is then equivalent to the following Yang-Baxter equation, according to 
the type of the root system of rank two defined by a, and atj : 

(2Ai) RiiajRjQ)) = Rj(b)Ri(a), 

(A 2 ) RiitfRjia + b)Ri(b) = R^R^a + b)Rj(a), 

(B 2 ) R i (a)R j (a + b)R i (a + 2b)R j (b) (1 u) 

= R J (b)R i {a + 2b)R j (a + b)R i (a), K ' ' 

(G 2 ) Ri{a)Rj{a + b)Ri(2a + 3b)Rj(a + 2b)R l (a + ib)R 3 {b) 
= Rj{b)Ri{a + 3b)Rj(a + 2b)R l (2a + 3b)R 3 (a + b)R t (a), 

where a = A, and b = Xj. These four cases corresponds to the values (a,ij,a,ji) = 
(0, 0), (-1, -1), (-2, -1), (-3, -1), respectively. 

1.2 r-Functions and the r-cocycle 

We now introduce a new set of variables Tj (i G I), called t -functions, and 
extend the action of the Weyl group to these variables. We denote by ^[t* 1 ] = 
Kbf *(i G I)] the ring of Laurent polynomials in the indeterminates Tj (i G /) 
with coefficients in /C. 

Theorem 1.2 Extend the automorphisms Sj (i G I) of K to those o/A^[t ±1 ] by 
the following action on the r-functions : 

Si(Tj)=Tj (i^j), Sl ( Tl ) = ^nW^. (1.14) 

fee/ 

Then these Si (i G I) again give a realization of the Weyl group W(A) as a 
group of automorphisms of /C[r ±:L ]. 

(For a more intrinsic formulation of this theorem, see Remark at the end of 
Section 4.) 

The action of Sj on r-functions, defined above, is a multiplicative analogue 
of that of Ti on the fundamental weights Aj (modulo null roots), except for the 
factor (fii. Let L = £f) ie/ ZAj be the free Z-submodule of Homz(Q v , Z ), gener- 
ated by the dual basis (Aj) ie j of (/ij) ie j. The Weyl group W(A) = (n(i G I)) 
act on L so that 

r i (A j )=A j (i^j), n(Ai) = A, -^A fc a M . (1.15) 

fee/ 

Note that (w.h, w.A) = (h, A) (h G Q v , A G L) for any w G W(A) and that the 
natural homomorphism Q — > L is a I4^(A)-homomorphism. 

In what follows we denote by = ( Sj (i G /)) the Weyl group W(-A) on 
the generators Sj (i G I). We introduce the notation of formal exponentials by 
setting 

r A = -Q r (^A> (AeL)j (L16) 

ie/ 
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so that Ti — r Ai for i E I. Then the ring /C[r ±:L ] of Laurent polynomials is 
isomorphic to the group ring K,[L\. The action of Si on the r-functions, as 
defined in Theorem 1.2, is rewritten in the form 

Sl (r A )^f" A V- A (A € L). (1.17) 

This implies that, for any w E W and A € L, there exists a unique element 
4> W (A) £ /C such that 

w(t a ) = M^t w - A - (1-18) 
Note that these (f> w (A) are determined by the following cocycle condition: 

<p w (A + A') = <j) w (A)(j> w (A') (A, A' eL), 

&(A) = 1, ^(A) = ^f- A) (iel), (1.19) 

</>w(A) = w((;6^(A))(/> ro (u;'.A) (w,w' E W). 

This family <f> — {(pw(A)) wG w,AeL of elements of K will be called the r-cocycle. 
In fact, the correspondence 

cf>:W -> Hom(L,/C x ) : w h(A« <M a )) (1.20) 

defines a 1-cocyclc of the Weyl group W^A) with coefficients in the W^(A)- 
bimodule Hom(L,/C x ). 

The r-cocycle determines completely the action of the Weyl group on /C. 
Note that, by the definition, the generators <pj for the Poisson algebra Ao are 
expressed as 

l Lift T i 

multiplicatively in terms of r-functions. This implies that 

for any j E I, w E W. 

By the definition of the r-cocycle, each <fi w (Aj) is a priori an element of 
the field of fractions K. = Q(A) of A = Aa[X\- It turns out, however, that the 
r-cocycle has a remarkable regularity in the following sense. 

Theorem 1.3 Suppose that A = (ciij)ij£i is a symmetrizable GCM. Then, for 
any w E W and j E I , one has <f> w (Aj) E A, namely, 4>w{Aj) is a polynomial in 
(Ai)ig/ with coefficients in Aq. 

Theorem implies that, if A G L is dominant, i.e., (hi, A) > for any i E I, 
then one has <p w (A) E A = Ao[X] for any w E W. When Ao has a TL-form in 
an appropriate sense, one can also show that (f> w (A) are defined over Z. (See 
Remark at the end of Section 5.) 
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These <f> w (A) can be regarded as a generalization of the so-called Vmemura 
polynomials for generic solutions of the Painleve equations (S). It would be 
an interesting problem to investigate combinatorial properties of <p w (A) . 

Remark: Suppose that the generalized Cartan matrix A is symmetrizable, 
and take nonzero rational numbers ti (i £ I) such that dijCj — Ojiti G /). 
In this case, the realization of the Weyl group discussed in our previous paper 
[|| can be recovered essentially from the construction of this section by a special 
choice of the nilpotent Poisson algebra Aq. For Aq, take the Poisson algebra, 
truncated at height 2, defined by the generators ipi (i 6 /) with the Serre relations 

ad {} (^)- ay+1 fe)=0 (t^j), (1.23) 

and 

{<p i) {<P J ,(Pk}} = (i,j,kel). (1.24) 

To be consistent with the previous notation ||, set cti = Aj/ej and tiy = 
Ci{ifii, ipj}. Since {uij, ip} = for any ip £ Aq, one can treat « tJ as constants. 



2 Examples of rank 2 

In this section we give examples of our realization of the Weyl groups for gener- 
alized Cartan matrices of rank 2. In the following examples, we use the notation 

a = «i, /3 = 0C2, a = Xi, b = \2- (2.25) 



2.1 Case of 2A 1 



We set x = (pi,y = (f 2 and {x, y} = 0. In this case, our realization of the Weyl 
group is trivial on the variables x, y. 



A = 



2 
2 





a 


6 


a; 


y 


Sl 


—a 


6 


X 


y 


S2 


a 


-6 


X 


y 



(2.26) 



2.2 Case of A 2 

We set x = (pi, y = <p%, and z = {x, y} = {<pi, tp 2 }. 



P : y a + j3 : z 



A 





u 


X 


y 


z 


2 -1 " 


X 





z 





-1 2 


y 


—z 










z 












(2.27) 



We take the Poisson algebras Ao = C[x, y, z] (or any quotient Poisson algebra of 
<C[x, y, z] without zerodivisors), and set A = C[a, 6, x, y, z\. By the table of the 
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Poisson bracket indicated above, the action of s\, s 2 is determined as follows: 

(2.28) 





a b 


X 


V 


z 


Sl 
S2 


—a b + a 
a + b -b 


X 
V 


y + f 
y 


z 
z 



The automorphisms s\,S2 defined by this table give a realization of the Weyl 
group VF(A 2 ) = (s\, S2) —* 63 as a group of canonical transformations on the 
field of rational functions JC = Q{A) = C(a, b, x, y, z). 

The r-cocycle = ((j)w(A))w,A for this realization is given as follows. 



A\w 


1 




S2 


S2S1 


S1S2 


sis 2 si = 


S2S1S2 


Ai 


1 


X 


1 


xy — bz 


X 


xy - 


bz 


A 2 


1 


1 


y 


y 


xy + az 


xy + 


az 



(2.29) 



We remark that the value (j) Wo (Ai) of the r-cocyle at the longest element wo can 
be determined in two ways as 



(£ S2SlS2 (Ai) = ip2S 2 {fl), ^ SlS2Sl (Ai) = S 1 (<P2S 2 (<Pl)), 



(2.30) 



by using the cocycle property for the two reduced decompositions of wq. One 

bz 

can verify that v 3 2S2(v 3 i) = y( x ) = xy — bz is invariant with respect to si, 

y 

which guarantees the equality of the two expressions above. 



2.3 Case of B 2 

We set x = (f\, y — ip 2 and 



z = {x,y} = {v>i,¥>2}, 



z} = ^{<pi, {<pi, ip 2 }}- (2.31) 



P : y Q + (3 : z 2a + (3 : w 




a : x 



The Poisson bracket and the action of s\, S2 are defined by the following tables: 



{,} 


X 


y 


z 


w 


X 





z 


2w 





y 


—z 











z 


-2w 











w 

















a b 


X 


y z w 


Sl 
S2 


—a a + b 
a + 26 -b 


X 

x y 


+ az + a^w z+ 2aw 

y z w 
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From the nilpotent Poisson algebra Aq = C[x, y, z, w], we obtain the realization 
of the Weyl group W(B 2 ) as a group of canonical transformations on the field 
of rational functions JC = C(a, 6, x, y, z, w). 

The r-cocycle <f> = {4> w {h))w,k f° r this realization is given as follows. 





1 


Sl 


S2 




SlS 2 


Ai 


1 


X 


1 


xy — bz 


X 


A 2 


1 


1 


V 


y 


x 2 y + axz + a 2 w 



(2.34) 





SiS 2 Si 


S2S1S2 


Ai 
A 2 


x 2 y — bxz — a(a + 2b) w 
x 2 y + axz + a 2 w 


xy — bz 

x 2 y 2 + a xyz - (a + b)b z 2 + (a + 2b) 2 yw 



Ai 
A 2 



S2S1S2S1 — S1S2S1S2 
x 2 y — bxz — a(a + 26) w 
x 2 y 2 + a xyz - (a + b)b z 2 + (a + 2b) 2 yw 



We remark that 

<j> Sl s 2Sl (Ai) = <piS!(<p2 s 2 {<Pi)) = x 2 y - bxz - a(a + 2b) w 
is s 2 -invariant. From this fact, it follows that the two expressions 

<Ps 1 s 2 s 1 s 2 (Ai) = (f> Sl s 2 s 1 (Ai), (f> S2Sl s 2Sl (Ai) = S2(^ SlS2Sl (Ai)) 



(2.35) 



(2.36) 



give the same value <fi Wo (Ai) for the longest element u> of the Weyl group. 
Similarly, </> mo (A 2 ) is determined consistently from the si-invariance of 



(2.37) 



S2SlS2 (A 2 ) = ^ 2 s 2 (^ 2 si(i^ 2 )) 

= x 2 y 2 + a xyz - (a + 6)6 z 2 + (a + 2b) 2 yw. 

2.4 Case of G 2 

We set u = ipi, v = if2 and 



w = x = ^{u,w}, y = ^{u,x} 7 z = {v,y}. (2.38) 



3a + 2/3:2 



2a + (3 : x 




3a + (3:y 



A = 



2 -3 
-1 2 



(2.39) 
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The Poisson bracket and the action of si, s 2 are determined by the following 
tables. 



{,} 


u 


V 


w 


X 


y 


z 








u 





w 


2x 


3y 














V 


— w 











z 







a 


6 


w 


-2x 








-3z 








Si 


—a 


a + 6 


X 


-3y 





3z 













a + 36 


-6 


V 





—z 




















z 



























(2.40) 



w 



a 2 x I a a t) 

1( 2 1( 3 



w a; 



si 

S2 



v + 



bw 



y 



y z 

i bz 



The nilpotent Poisson algebra Aq = C[u, v, w, x, y, z] defines a group of canonical 
transformations, isomorphic to the Weyl group W(G 2 ), on the field of rational 
functions /C = C(a, 6, u, v, w, x, y, z). 

The r-cocycle in this case is given as follows. 

<MAi) = <M A i) = 1, <MAi) = 4>s lS2 (Ai) = u 
S2Sl (Ai) = ^ S2SlS2 (Ai) = uv- bw, 

0sis2si(Ai) = slS2S1S2 ( A i) = m 3 « - 6u 2 u; - a(a + 2b)ux - a 2 (2a + 3b)y 
(Ai) = (Ai) 
= u 3 v 2 — 2bu 2 vw — (a + b)(a + 3b) uvx + b 2 uw 2 

-(a + 3b) 2 (2a + 36) vy + b(a + b)(a + 36) wx - b(a + 36) 2 (2a + 36) z 

(Ai) = ( rSiS2SiS2SlS2 

(Ai) 

= u 4 v 2 - 2bu 3 vw - (2a 2 + 6a6 + 3b 2 )u 2 vx + b 2 u 2 w 2 - (2a + 3b) 3 uvy 
+b(2a 2 + Gab + 3b 2 )uwx - (a + b)(a + 36)(2a + 36) 2 uz 
-a(a + 26) (2a + 3b) 2 wy + a(a + 6) (a + 26) (a + 3b)x 2 



0i (A 2 ) = <j> Bl (A 2 ) = 1, <t> S2 (A 2 ) = <j) S2Sl (A 2 ) = v 
SlS2 (A 2 ) = SlS2Sl (A 2 ) 
0s 2 sis 2 (A 2 ) = S2SlS2Sl (A 2 ) 



u 3 v + a u 2 w + a 2 ux + a 3 y 



— u 3 v 3 + a u 2 v 2 w + (a + 3b) 2 uv 2 x - 6(2a + 36) uvw 2 

+ (a + 3b) 3 v 2 y - b(a + 3b) 2 vwx + b(a + 3b) 3 vz + b 2 (a + 26) w 3 
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Ysis 2 s 1 s 2 (A 2 ) = (A 2 ) 

= uV + 2au 5 v 2 w + (5a 2 + 12a + 9b 2 ) u 4 v 2 x - 6(4a + 36) u 4 vw 2 

+ (2a + 36) 2 (5a + 36) u 3 v 2 y - 6(8a 2 + 15a6 + 96 2 ) u 3 vwx 

+ (a + 6) (2a + 36) 3 u 3 vz + 2b 2 (a + 6) u 3 w 3 + a(2a + 36) 2 (5a + 36) u 2 vwy 

-a(5a 3 + 24a 2 6 + 36a6 2 + 186 3 ) u 2 vx 2 + 3ab 2 {a + 6) u 2 w 2 x 

+a(a + 6) (2a + 36) 3 u 2 wz - a 2 (a + 36) (2a + 36) 2 uvxy 

+2a 2 (a + 6) (2a + 36) 2 uw 2 y - a 2 (a + 6)(2a 2 + 6a6 + 36 2 ) uwx 2 

+a 2 (a + 6) (2a + 36) 2 xz - a 3 (2a + 36) 3 vy 2 + a 3 (a + 6) (2a + 36) 2 wxy 

-a 3 (a + 6) 2 (a + 26) x 3 + a 3 (a + 6) (2a + 36) 3 yz 

(A 2 ) = (A 2 ) 
= u 6 v 4 + 2au 5 v 3 w + (5a 2 + 18a6 + 186 2 )uV:r - 66(a + b)u 4 v 2 w 2 
+ (2a + 36) 2 (5a + 12b)u 3 v 3 y - 36(4a 2 + 13a6 + I2b 2 )u 3 v 2 wx 
+2(a + 36) 2 (2a + 3b) 2 u 3 v 2 z + 26 2 (3a + 4b)u 3 vw 3 

+a(2a + 36) 2 (5a + 12b)u 2 v 2 wy - (a + 36)(5a 3 + 21a 2 6 + 27a6 2 + 96 3 )uVx 2 

+36 2 (3a 2 + 8a6 + 6b 2 )u 2 vw 2 x + 2a(a + 36) 2 (2a + 3b) 2 u 2 vwz 

-6 3 (2a + 3b)u 2 w 4 - a(a + 36) 2 (2a + 3b) 2 uv 2 xy 

+a(2a + 36) 2 (2a 2 + 6a6 + 3b 2 )uvw 2 y 

-a(a + 36)(2a 2 + 6a 2 6 + 3a6 2 - 3b 3 )uvwx 2 

+2(a + 36) 2 (2a + 36) 2 (a 2 + 3a6 + 3b 2 )uvxz - ab 3 (2a + 3b)uw 3 x 

-26(a + b)(a + 36) 2 (2a + 3b) 2 uw 2 z - (a + 36) 3 (2a + 3b) 3 v 2 y 2 

+ (a + 36) 2 (2a + 36) 2 (a 2 + 6a6 + 6b 2 )vwxy - (a + b)(a + 2b) 2 (a + ibfvx 3 

+a(a + 36) 3 (2a + ibfvyz - b(a + 26) 2 (2a + 3b) 3 w 3 y 

+6(a + b)(a + 36)(2a + 36)(a 2 + 3a6 + 36 2 )w 2 x 2 

-ab(a + b)(a + 36) 2 (2a + 3b) 2 wxz + 6(a + b)(a + 36) 3 (2a + 36) 3 z 2 

We remark that 

(Ai) = ^i5i^ 2 52^?5i^2S 2 (^i), and 

V y S2SiS2SlS2 

(A 2 ) = <P2S2V 3 Sl(pls2<p 3 Si(ip2) 

are invariant with respect to s 2 and s\, respectively. 
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3 Realization of Weyl groups 



In this section, we give a proof of Theorems 1.1 and [L2 . In fact we prove these 
two theorems as a consequence of their formal version (Theorem |3.2| below). 



3.1 Formal version 

Fixing a GCM A — (oy)ije/, let 72 be a Poisson which contains a set of invert- 
ible elements (<Pi)iei such that 

ad {} (^)-° y+1 (^) = (3.42) 

We denote by 72. [[A]] the ring of formal power series in the A-variables (Ai)igj 
with coefficients in 72. The Poisson bracket on 72. extends naturally to 72[[A]] by 
the trivial action on the A-variables. We also use the same notation r» : 72[[A]] — > 
72[[A]] for the formal completion of the 72-linear automorphism r, : 72. [A] — > 72 [A] 
such that ri(Xj) = Xj — ajiXi (j £ I), For each i £ I, we define the linear 
mapping : 72[[A]] -> 72[[A]] by 

Si = cxp [ — adn(^) ] or, (i £ I). (3.43) 

\<Pi J 

In the following we set 

Xi = — ad {} (^) (iei), (3.44) 
so that Ri(t) = exp(tXi) and Sj = Ri(Xi) o fj. 

Lemma 3.1 for eac/i i £ I, Si defines a canonical transformation o/72[[A]] : 

Si(<fnl>) = Si(<p)si(i>), Si({ip,i)}) = {si(ip),Si(ilj)}, (3.45) 
/or any <p,ip £ 72[[A]] . 

This lemma is a consequence of the fact that the derivations Xi have the prop- 
erty 

X i ({f,g}) = {X i (f),g}+{f,X i (g)} (/,<?€ 72). (3.46) 

We denote by W = (si(i £ I)) the free group generated by the symbols Sj 
(i £ I), and by p : W — > VF the homomorphism defined by p(si) =Ti (i £ I). At 
this stage, we have a group homomorphism W — > Aut(72[[A]]), and this action, 
restricted to the A-variables, is factored through p : W — > W. 

We also consider the ring of Laurent polynomials 72[[A]][r ±1 ] in the r- 
variables, and extend the action of s,; to 72[[A]][r ±1 ] by 

Si{Tj) = Tj (i ^ j), s l {n) = & n JJ r ; 7 c " ;l . (3.47) 

kei 

In this setting, we have a group homomorphism W — > Aut(72[[A]][r ±1 ]). Our 
goal is to prove 
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Theorem 3.2 The automorphisms s$ (i G J) of 7^[[A]] [t ±:l ], defined as above, 
satisfy the fundamental relations for the Weyl group W(A) : 

fl ? = l, (s iSj ) m »=l (i^j). (3.48) 

We show how Theorem 3.2 implies Theorems |1 . 1| and |1 .2| . With the notation 
of Section 1, we take the localization 1Z = Ao[tp~ (j G /)]. In order to establish 
Theorem we have only to check the validity of equalities sf(ip) = 1 and 
(siSj) mij (tp) = 1 for any ip G Ao- By the definition of Sj (j G I), the elements 
s?(V>), (8i3j) m v{ip) of K = Q(A)(A) = Q(K)(\) are regular at A = 0. Hence 
the equalities sf(-0) = 1 and (siSj) mi ' (tp) — 1 follow from those in the ring of 



formal power series 7£[[A]] which are guaranteed by Theorem 3.2. Also, Theorem 
1.2, concerning the action of Sj on /C[r ±:L ], follows similarly from the equalities 



sf( Tj ) = r 3 and (Sis^irj) = Tj in 7?.[[A]][t ±1 ]. 

3.2 r-Cocycle and braid relations on r-functions 

We first check the equality sf = 1 on 7\L[[A]] for each i G I. In fact, with the 
i?-operator notation Ri(t) = exp(iXi), one has 

s? = BtiX^nR^n = RiiX^Rii-Xi)^ = 1, (3.49) 

since Ri(—t) — exp(— iJQ) = ii,*(i) _1 . It is also easy to see sf(rj) — Tj for all 

Instead of the Coxeter relations (siSj)" Hj = 1, we will verify the following 
braid relations: 

(0) (aij,aji) = (0,0) => SiSj=SjSi, 

(1) (aij,aji) = (—1,-1) > SiSjSi = SjSiSj, ,^ 

(2) (^2j , ( 2, 1) SiSjSiSj — SjSiSjSi : 

(3) {cL^j^CLji) ( 3, 1) SiSjSiSjSiSj SjSiSjS-iSjSi, 

which corresponds to the root systems of rank 2 of type 2A\, A2, B2 and G2, 
respectively. Note that the validity of each of these braid relations on 1Z [[A]] is 
equivalent to the corresponding Yang-Baxter equation in ( 1.13| ) for Rj(t). Since 
the commutativity SiSj — SjSi for the case a%j = a,ji = is immediate, we will 
mainly consider the other three cases. 

Lemma 3.3 The following identities hold in 7i[[\]]. 
(!) ^/Ki> a ii) = 

ipjSj(ipi) = snpjSj(ipi), ipiSi(ipj) = Sj(piSi((pj). (3.51) 

(2) //(ay,o i = (-2,-l), 

(piSiipjSjfoi) = SjcpiSicpjSj(cpi), <pjSj(p}si{(pj) = SitpjSjPiSittpj). (3.52) 

(3) //(ay.a^) = (-3,-1), 

ipiSiipjSjipiSi<PjSj{(pi) = Sj(fiSiipjSjipiSiipjSj{(pi 



(3.53) 
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In this lemma, we regard ifi and ifj as multiplication operators. The two iden- 
tities in the case of (<iiy, <Xjj) = (— 1, —1), for example, should be read as 



ipjSj(lfi) = Si((pj)SiSj((pi), (piSi((fj) = s J ((p t )s :i s l {ip J ). 



(3.54) 



We will not write down the corresponding formulas for the other two cases. 
Note that, in each case, the exponents of tpi, tpj in the two formulas correspond 
to the coefficients of a and b in the Yang-Baxter equation (1.13), respectively. 
The six equalities in Lemma 3.3 can be verified by direct computation, by using 
the automorphisms s\, S2 as in the examples of the previous section. (In fact, 
we made use of a computer algebra system to check Lemma 3.3 for B 2 and G2) 
We will explain now how Lemma 3.3 imply the Yang-Baxter equations (1.13) 
and the braid relations ( |3.50 ). 

In order to clarify the meaning of Lemma 3.3, we use the terminology of r- 
cocycle. With the notation of formal exponentials t a (A £ I), for each w £ W, 
one can define the elements <fi w (A) £ 7?.[[A]] (A G L) by the formula 



w (t a ) = 4> W (A) t"M- a (to G W, A G L). 
By the definition, these <fi w (A) have the following cocycle property. 
Proposition 3.4 (1) The elements <f> w {A) are determined uniquely by 

0i(A) = l, 0. < (A) = ^ r i(A) = pf tlA> {i£l), 

<j> w {A + A') = cj) w (A)(t) w (A'), 4> WW >(A) = (t> w (p(w').A)w((f> w >{A)), 



(3.55) 



(3.56) 



for any w,w' £ W and A, A' G L 
(2) For any w — s,-, s 1o ■ ■ • s 



ji- D j2 ' ' ' °j P € W cmd A £ L, <j) w (A) is expressed as 

FTP „ „ /,^ hj k ' r Jfc + l "' r Jp A ^ 



«(A) ~~ I Ii' I S jl ' I ' f 



(3.57) 



3 J1 



»i 1 (^- A> ). 



At this stage, we only know that is a 1-cocycle of W with coefficients in the 
W-bimodule Hom(L,/C x ). 



The formulas of Lemma 3.3 are understood as relations among <p w (A) for 
certain w £ W and A £ L. For example, let us take two indices i,j £ I such 
that (ajj, Oji) = (—1, —1). Then, as a special case of formula ( |3.57 ), we have 



,(Ai) 



tpjSj(ipi), (j> s 

iPiSi((pj), 4> s 



t (Ai) = Si<pjSj(tpi), 
,.(Aj) = SjipiSifa). 



(3.58) 



Note also that </> SiS:jSi (Afc) = 1 for fc 7^ Hence, Lemma 3.3 (1) implies 

SiSjSi (A fc ) = ^.^(Ak) (fc G I). (3.59) 



In the same way, Lemma 3.3 can be reformulated as follows. 
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Lemma 3.5 For each i,j £ I, the following identities hold in 1Z[[X\\. 

(1) //(ay, aji) = (-1,-1), </> SlS , Sl (A) = SjSlSj (A) (A € L). 

(2) If in,,.,,,,) = (-2,-1), <k iSjfliSj (A) = ^ S3 . SjS3 . Sj (A) (A e L). 

(3) If(a,ij,a,ji) = (-3,-1), (f> SiS]StS]StS:j (A) = c/) SjSiSjSiSjSi (A) (A £ L). 



Note that Lemma 3J3 implies that the braid relations are valid on the r- 
functions. 

Corollary 3.6 When a^a^i = 0, 1, 2, or 3, one has 



SiSjSi 



(t a ) = SjSiSj ■ ■ ■ (t a ) (rriij factors of s^ 's on each side) (3.60) 



for all A £ L. 

3.3 Braid relations on 7£[[A]] 

We now proceed to the braid relations on the Poisson algebra 1Z [[A]]. For the 
argument below, it is convenient to extend the Poisson algebra 1Z to 

K = C[log^-(je J)]® c ft, (3.61) 

by adjoining the formal logarithms of the elements ifi (i £ I). The Poisson 
bracket { , } extends naturally to 72. and 7t[[A]] by 

{(log^)"\^} = m(log^)" 1 - 1 — {<Pj,ip}, 

x (3.62) 
{ (log Vi)™ , (log tfj ) n } = mn(log tpi ) m ~ 1 (log ip 3 ) n ~ 1 {tp h tpj }, 

for any i, j £ /, tb £ 1Z and m, n = 0, 1, 2, . . .. Consequently, one can define the 
action of Sj on 72[[A]] by 

Si = exp(A 4 Xi) o n, Xi = ad{\(logi^i) = — adn (ipA (i £ I). (3.63) 

Pi 



Note that each Yang-Baxter equation in ( 1.13 ) takes the form 

(3.64) 



exp(/xiXj) exp(fx 2 X j ) ■ ■ ■ exp((x m X e ) 



= exp((j, m Xj) exp(/i m _iXj) • • • exp(^iX fc ) 

where k — i or j, and £ — j or i, according to the parity of m = 3, 4, 6; fit, . . . , /i m 
are linear functions in a = Xi, b = Xj for k = 1, . . . ,m. Denote the left hand 
side and the right hand side of ( 3.64 ), regarded as functions of A = (Xj) ie j, by 
$(A) and by ^(A), respectively. Since $(0) = ^(0) in each case, equality ( 3.64 ) 
reduces to proving 

d Xi ($(A)) ^(A)- 1 = Xt (tf (A)) ^(A)- 1 (i £ I). (3.65) 
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For an arbitrary element A e L, we define the derivation with respect to A by 

d A = Y,(h i ,A)dx i . (3.66) 
iei 

We will derive the formula 

9 A (<i>(A))<i>(A)- 1 =9 A (*(A))*(A)- 1 (AeL) (3.67) 

from a general statement for operators defined as certain product of canonical 
transformations of the form Ri(t) = exp(iXj). 

For the moment, we fix an arbitrary element A G L. For each operator 
P = P(A) £ Endc(ft)[[A]] with invertible leading term P(0), we set 

L P = d A (P(\))P(\)- 1 . (3.68) 

Then, as to the composition of two operators, we have 

Lpq =L P + P(\)L Q P(\)- 1 . (3.69) 

If P is expressed as 

P(A) = exp(a(A)X), X = ad {} (/) (3.70) 
with some / G 1Z and a linear function a = a(A), then we have 



L P = d A (a)X = ad {} (d A (a)/), 

P(X)L Q P(X)- 1 = cxp(aX)L Q exp(-aX) = cxp(a&d(X))(L Q ). 



(3.71) 



Suppose furthermore that Lq = ad{j(g(A)) for some g(X) e 7^[[A]]. Since 
X = ad{i.(/), by the Jacobi identity for the Poisson bracket, we have 

exptaadpOXLg) = exp(aad(A:))(ad {} (. 9 (A))) = ad {} (exp(aX)g(X)). (3.72) 

Hence we obtain the following expression for Lpq: 

L PQ = ad {} (a A (a)/ + cxp( a X).g(A)). (3.73) 

We make use of these observations to analyze the action of W. 

For each w = sj 1 Sj 2 ■ ■ ■ Sj p e W, we define the operator G W (X) by 

w = G w (X)r, G w (X)=eKp(/j, 1 X jl )exp(fi 2 X h )---exp(fi p X jp ), (3.74) 

where r = p(w) = rj 1 ■ ■ ■ rj p and ^ = rj 1 ■ ■ ■ rj k _ 1 (Xj k ) for k = 1, . . . ,p. In the 
following we use the multiplicative notation 

logOtfpJ ■ ■ ■) =olog¥>j + &Iog^ + "- (o,6,---eZ). (3.75) 
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Also, for a power series in the form 

/(A) =/o+ J2 f» XU if" £ U ) ( 3J6 ) 

kl>o 

(with the multi-index notation) such that /o is a product of (pj's, we write 

log /(A) = log/o + log(l + fc 1 f^ v ), ( 3 - 77 ) 

f|>0 

understanding the last term by its Taylor expansion. 

Proposition 3.7 For any element w = Sj 1 ■ • ■ Sj p S W and A 6 L ; one Zias 

9 A (G tu (A))G, i ,(A)- 1 - -ad {} (log^( /9 (t ( ;)- 1 .A)). (3.78) 

Proof. If P = exp(AjXj), 

L P = ad {} «^, A) log^) = ad {} (log^' l - A> ) = -ad {} (log^ rjA> ). (3.79) 

This proves the case where p = 1. When w = Sj ± ■ ■ ■ Sj and r — p(w) — 
r ji ' ' ' r j P ' by usm g the expression ( 3.74 ), we set 

P = exp(A J1 X 31 ), Q = cxp(fi 2 X h ) ■ ■ ■ cxp(fi p X Jp ) (3.80) 

so that G w = PQ. By the induction hypothesis, we have 

d A (G w ,)G-} = -ad {} (log^(^ /_1 -A)) 

for w' = Sj t w = s j2 ■ ■ -Sj p , r' = r jt r = r j2 ■ ■ -r jp ,. Since Q = r n G w irj t , we 
compute 

d\(Q)Q~ 1 = Tj^r^^G^G^^r^ = -ad {} (logr J1 (0, i ,/(r~ :L A))). 



Hence by (3.73) we obtain 

dh(G w )G w 1 = Lpq 



-ad {} (log <pf* ,r " A> + log exp(A J1 X h )r h {cj> w , (r _1 A))) 

-ad {} (log(^- r ' r " A> Sjl (^-(r- 1 A)))) 
-ad {} (log (f> w (r~ 1 .A)) 



(3.81) 



for any A e L. Q.E.D. 
When (a,ij,aji) = (— k, — 1) for fc = 1,2,3, we set 

$(A) = ...(A), tf(A) - G S , S<S ,...(A). (3.82) 



1G 



Then Proposition |3.7| implies 



(3.83) 



9 A ($(A))$(A)- 1 = -ad {} (log<£ Wi ...(r- 1 .A)) 
9 A (*(A))vI/(A)- 1 = -adoaog^.^.^r-^A)), 

where r = r^r,; ■ ■ ■ = rj^rj ■ ■ ■. Since 4> SiSjSz ... = SjSiSj ... by Lemma |1| we 
see 

3 A ($(A))$(A)- 1 =3 A (*(A))^(A)- 1 (3.84) 
for any Ael. Since $(0) = ^(0), we have $(A) = *(A), namely 

G SiS . Si ...(\)=G SjSiSj ...(\), (3.85) 



which proves the Yang-Baxter equation of ( 1.13| ). Since SjSj Sj ■ ■ ■ = G SiSj 



and SjSiSj ■■■ = G SjSiSj ...r, we obtain the braid relation of ( p.50[ ) on TZ[[X]] as 



desired. Since we have already seen the validity of braid relation on r-functions 



in Corollary 3.6, this completes the proof of Theorems fc3 



Remark: In the formulation of Section 1, we assumed for simplicity that 
,4o is generated as a Poisson algebra, by a set of nonzero elements (i G /) 
satisfying the Serre relations. As can be seen from the proof of this section, for 



the validity of Theorems 1.1 and 1.2, we have only to assume that the following 



three conditions are satisfied: 

(i) Aq has no zerodivisors. 

(ii) Aq contains a set of nonzero elements ipi (i G /) such that 
ad {} (^)-°«+Vi=0(i^j). 

(iii) The action of ad{}(v?i) on Aq is locally nilpotent for each i G /. 



4 Lie theoretic background 

In this section, we assume that the GCM A = (ciy)ye/ is symmetrizable and 
that the indexing set / is finite. We fix a set of nonzero rational numbers 
(i G /) such that aijej — a^ei for i,j G /. We will explain below a geometric 
background of our realization of the Weyl group W = W(A) in the language of 
Kac-Moody Lie algebras and Kac-Moody groups. 



4.1 Birational action of W on the Borel subalgebra 

As to Kac-Moody Lie algebras, we will basically follow the notation of Kac 
Let g — g(A) be the Kac-Moody Lie algebra associated with the symmetrizable 
generalized Cartan matrix A, and consider the triangular decomposition g — 
n © f) © n_, where n (resp. n_) is the nilpotent Lie subalgebras of g generated 
by ei (resp. /,). We denote by g = ® neZ g n the gradation of g with respect 
to the degree (height) such that dege.j = 1, deg/j = — 1 (i £ I) and deg/i = 
(h G t)). Note that each g n is finite dimensional and that n = ffi n >o0nj f) = 0o, 
n_ = ©„<o Q n - We denote by g = f) © X)qgA 0" * ne ro °* s P ace decomposition of 
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g with respect to the Cartan subalgebra h, so that g„ = X)ht(a)=n S Q (n G Z , 
n^O). 

The symmetrizable Kac- Moody Lie algebra g — 0(A) has an ad- invariant 
symmetric bilinear form ( | ) : g x g — > C which induces nondegenerate pairings 
f) x h — > C and g_ Q x -> C (a G A). We take the normalization of ( | ) such 
that 

(hi\hj) = aye,-, (ej|/j) = £yej G I). (4.86) 

Through this symmetric bilinear form, we have an isomorphism t : g — > g* of 
C-vector spaces such that t(y)(x) = (y\x) for y, x G g, where g* = © n( =zgJi is 
the graded dual of g. We define the bracket { , } : g* x g* — > g* by 

{i(y),t(y')} = -t([y,y'}) (y,y'eg). (4.87) 

This bracket naturally extends to a Poisson bracket of Sym(g*). Note that each 
element of the Poisson algebra Sym(jj*) is regarded naturally as a polynomial 
function on g. If <p = i(y) and ip = t(y') (y,y' G g), the ad-invariance of ( | ) 
implies 

(ad {} (<p)fl>)(x) = -(&d(y)y'\x) = (y'\ad(y)x) = iP(ad(y)x) (4.88) 
for any i£g. Hence we have 

Lemma 4.1 Let y G g cmd sei (/? = G g*. Then, for any ip G Sym(g*) ; one 

(exp(iad {} (^))V')(a;) = ip(exp(tad(y))x) (x G g), (4.89) 
where t is a formal parameter. 

One has only to verify ( 4.89| ) for ip G g*, since the both sides of ( 4.89| ) is 
multiplicative with respect to ip. This equality for ip = t(y') (y 1 G g) follows 
from ( p~88l ). 

We consider now the formal completion n = lim fc n/ad(n) fc n of the nilpotent 
subalgebra n C g with respect to the height, and set b — h © n. The coordinate 
rings of h, n and b are defined by 

0(h) = Sym(h*), 0(n) = Sym(n*) and 0(b) = Sym(h* © n*), (4.90) 

respectively, where n* = ©J^g* stands for the graded dual of n. Note that 
L '■ 9 —* 0* induces the isomorphism n_ n* and that 0(n) = Sym(n*) can be 
regarded as a Poisson subalgebra of Sym(g*). Let {<fi} ieI be the basis of g^j; 
dual to the basis {ei} ieI of gi: fi(ej) — Sij (i,j G I). Then 0(n) is generated 
as a Poisson algebra by {(fi}^, and these generators satisfy the Serre relations 

ad {} (^r Ql3+1 fe) = (i^j) (4.91) 

with respect to the Poisson bracket, since tpi = i(fi)/ei (i G I). Note also that 
the simple roots ct!j (i G 7) are regarded as functions on b of height 0. Hence 
the coordinate ring 0(b) contains the subalgebra C[a] ® 0(n). 
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In this setting we explain a procedure to define a birational action of the Weyl 
group W(A) on the Borel subalgebra b. For each i, consider the adjoint action 
of the 1-parameter subgroup exp(i/j) (t G C) on b. Note that exp(tad(/j)) is 
well defined as a mapping b — » Cfi (B b, since, for each /3 6 A + , there are only 
a finite number of positive roots of the form f3 + ncn (n — 0, 1, 2, . . .). For an 
element x G b given, we try to find a value of t such that 

Ad(exp(i/i)):z = exp(i ad(/,))^ e b. (4.92) 
A general element x £ b can be expressed in the form 

x = h + cjCj + (components of height > 2), (4.93) 

where /i G f) and Cj = fj(x) (j G /). By a simple computation, we see that 
exp(t ad(/i))x takes the form 

t({h, a.i) — tci)fi + (h — tcihi) + (components of height > 1). (4.94) 
Hence we have a nontrivial solution 

(=^ = ^1, (4.95) 

provided that c\ = fi(x) ^ 0. Note that, when t = (h, ai)/ci, one has 

exp(£ ad(/i))x = h — (h, cti)hi + (components of height > 1). (4.96) 

From this argument, for each i £ I, we obtain a regular mapping 

a,: x^ Ad(exp(U(x)f t ))x : b\{^ = 0}^b, (4.97) 

where ti — cti/cpi. Passing to the coordinate ring, we denote by a* the au- 
tomorphism of the field /C(b) of rational functions on b, corresponding to the 
birational mapping o~i : b ■ ■ ■ — > b. 

Proposition 4.2 For each i 6 / , the automorphism a* of IC(b) is characterized 
by the following two properties: 

(1) a*(X) = X-a l (h l ,X) (A eh/), 

(2) a*ty) = exp ^ad {} (^)) ^ (V> G 0(n)), N ' 
where A; — eiOn. 



The first equality for A G f)* is a consequence of the expression (4.96). If 
ip G C(n), by Lemma 4.1 one has 

= (exp(eiii(a;)ad {} (^))V)(a;) (4.99) 
= (exp(e i i i ad{}(^ i ))'0)(a;) 
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for any x € b\{ifi = 0}. This proves the second statement, since e$ U — cti/ifi. 

These aut omorphisms a* (i G /) are essentially the same as Si (i £ I) in 
Theorem |l . l| for the nilpotent Poisson algebra Aq = O(n). In fact, the polyno- 
mial ring C[A] with Xi = tiCn is a subalgebra of 0(f)*), and each automorphism 
of coincides with s 4 on the subfield JC = Q(C[A] <g> O(n)) of /C(b). 

Although the construction of a* gives an origin of our birational automor- 
phisms Si, it does not explain why these automorphisms satisfy the fundamental 
relations for the generators of the Weyl group W = W(A). In the following sub- 
sections, we will show that the birational automorphism <Ji of b arise naturally 
from the birational dressing action of a lift of the Weyl group on the Borel 
subgroup, induced through the Gauss decomposition in the Kac-Moody group. 



This construction also provides an alternative proof of Theorem 1.1 for the case 
when the GCM A is symmetrizable and Ao = 0(n). 

4.2 Birational action of W on the Borel subgroup 

We denote by g' = n©h'©n_ be the subalgebra of g, generated by the Chevalley 
generators e^, hi, f t (i £ J), where [)' = ® ieJ C hi. In the following we will make 
use of a variant of Kac-Moody group G for the Lie algebra g' . Although there 
are several variants of Kac-Moody groups ( , || , @ , Jl(| ) , we will work now 
with the one as in Slodowyjl0|]. (In the argument below, we can also use the 
infinite dimensional scheme of Kashiwara Q , since we do not need the group 
structure on the whole G.) 

We first recall some properties of G which will be used in our argument. 

(1) The group G contains the Borel subgroup 

B = TkU 1 T = Spcc(C[L]), C/ = exp(n) (4.100) 

where L = Hom^ (Q v , Z), and n = lim ^n/ad(n) fc (n) is the completion of n with 
respect to the height. 

(2) For each i 6 /, G contains a parabolic subgroup Pi D B associated with 
the simple root o^. It has the Levi decomposition 

P^G^U^ t/^expfa) (4.101) 

where d the group of the Lie algebra g ■ = Ce^ © h/ Cfi with the Cartan sub- 
group T, and = lim fc n l /ad(n) fe (n l ) is the completion of = QeA+ \{ Qi} 0a 
with respect to the height. 

(3) The group G has a subgroup U- such that U- PI B = {1} and that all the 
1-parameter subgroups associated with the negative real roots are contained in 
U-. 

(4) For each dominant integral weight A e P + , (i.e., A G i)* such that (hi, A) S 
Z>o for all i G I), the irreducible g-module L(A) with highest weight A can be 
integrated to a G-module. 

For each i £ /, we set 

Si = exp(-e.i) exp(/i) exp(-e;) e Gi C Pi, (4.102) 
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and denote by W the subgroup of G generated by Sj (i E I). These elements 
satisfy Sj = 1 and the braid relations 

SiSjSi ■ ■ ■ — SjSiSj ■ ■ ■ (rriij factors on each side) (4.103) 

in G, for any i,j E I with a^aji = 0,1,2,3. In what follows, we denote by 
W = W(A) the Weyl group on the generators Sj (i E I). We have a natural 
group homomorphism W — > W which maps Sj to Sj (i E I). 

We now express a general element of the Borel subgroup B = T x J7 as 

oo 

6 = rexp(0, T^JI^'er, £ = ^T£ n efi (£„G „). (4.104) 

In this decomposition, the coordinate ring 0(U) of U is defined as the symmetric 
algebra Sym(n*) of the graded dual of n. For a general element £ G n, we express 
the component £i of height 1 as £i = 5Z ieJ ^i e i-> regarding ^ (i G /) as the part 
of coordinates of U in height 1. These tpi (i E I) form a C-basis of gl dual to the 
C-basis ej (i G /) of gi. Similarly we regard Tj (i G /) as the coordinates of the 
Cartan subgroup T ~ (C x ) / , and use the notation r A = J]^/ t^' A> G O(T) 
for any A G L. Note that the coordinate ring 0(B) of B is represented as 
the ring of Laurent polynomials 0(J7)[r ±1 ] in n (i G /) with coefficients in 
£>([/) = Sym(n*). 

Let ti; be an arbitrary element of W. Suppose that exp(£) G U is generic so 
that exp(£) w E U- B. Then, for b = rcxp(£) G B with an arbitrary r G T, the 
product 6w can be decomposed uniquely in the form 

bw = g~ 1 b, geU-, bEB. (4.105) 

This type of Gauss decomposition (Birkhoff decomposition) is determined by 
carrying out the Gauss decomposition for the right action of s^ 1 (i G I) re- 
peatedly. For the argument below, we examine the case of w = Sj in some 
detail. 

Proposition 4.3 For each i E I, any element b — rexp(£) with ipi ^ is 
decomposed uniquely in the form b Si — g^ 1 b with gi G U- and b = rexp(£) G B. 
The element g and f are given by 

9i = exp . t = t$ 1 , (4-106) 

where r ai = Yikei T^ hk ' a, * > = Yikei T k k ' ■ Furthermore, the correspondence £ — > £ 
is represented by an algebra homomorphism 0(U) — > 0(f7)[^r 1 ]. 

The Gauss decomposition of 6si is determined by employing the Levi decom- 
position Pi = Gi k £/, and the following lemma in Gi. 
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Lemma 4.4 Let a, b G C and c G C x . For eac/i i e J, one /ias i/ie identity 

exp(a e. t ) c hi exp(b fa) = exp(y /,) z^ 1 exp(x e*) (4.107) 

m Gj unless ab + c 2 = 0, where 

a ab + c 2 b ,. .._> 

z=-r— -J, 2= , y=__. (4.108) 

ab + c z c ab + cr 



Proof of Proposition J^.c. By decomposing 6 = rexp(£) 6 _B in the form 

b = r exp(^ei) exp(C'), f € Kj, (4.109) 

we get 

6sj = t exp(V'je i ) exp(^')sj = r exp (■(/>; exp(£"), (4.110) 

where f" = Ad(s J " 1 )(C')- Note that exp(-ad(/;)) : n, — > n, is well defined since, 
for any (3 G A + \ {a{\, there are only a fin ite number of positive roots in the 
form (3 + ncn (n > 0) . Then by Lemma ^4.4| we have 

exp e,) Sj = exp(^e,) exp(-e l ) exp(/») exp(-ej) 
= exp((-0 l - l)ei) exp(fi) exp(-ej) 
= cxp(^-/ l )^ 1 exp((l - ^)ei) exp(- ei ) 
= exp(^-/ l )^ i exp(^ei). 



(4.111) 



(4.112) 



Hence, 

bsi = rexp(^-/ 4 )V'- il exp(^ ei ) exp(£") 
= exp(^rfi) rift* exp(0, 

where exp(£) = exp(-^-ei) exp(£"). This computation implies that £ is regular 
on tpi ^ 0, and g = exp( ^~ ^ fi), t — T^ii as desired. Q.E.D. 

We now consider the Gauss decomposition of bw for an arbitrary w G W: 

bw=g- 1 b, c?€C7_, kfi, (4.113) 

for generic b E B. We denote the two elements g and 6 above by g(w,b) G £/_ 
and b* w G F, respectively. From this Gauss decomposition of bw, we obtain 
a mapping *w from an open dense subset of F, which sends generic 6 G B 
to b * w — g(w,b)bw G B. Note that the uniqueness of Gauss decomposition 
implies the following 1-cocycle relation for g(w, b): 

9{l,b) = l, g(w!W 2 ,b)= g(w2 > b*w 1 )g(w 1 ,b) (4.114) 



for any w G W and for generic b G B. From Proposition [L3J, we see that, for 
each i E I, gi = g{si, b) is defined for b — rexp(£) with ipi ^ by 

A = g(ii, b) = exp f ^zL./^ . (4.115) 
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The element g(w,b) for general w £ W is determined inductively from g(sj,b) 
by the cocycle relation (4.114). Also, we obtain a birational right action of W 
on B: 

6*1 = 6, 6 * (W1W2) = (6 * wi) * u>2 (4.116) 

for any 101,102 £ W and for generic 6 £ B. In terms of the coordinate rings, this 
birational mapping *u> : B ■■■—>■ B defines an algebra automorphism 

R& -.lCiU)^} -+£(17)17*], (4.117) 

fC(U) being the field of rational functions on U, such that 

(Ru,ip)(b) = ip{b *w) = i/>{g(w, b)bw) (4.118) 

for any tp £ /C([/)[t ±:l ] and for generic 6 £ B. Note also that 

-Til — 1, RibiW2 — RwiB-w? (wi,w 2 £ W). (4.119) 



These give a realization of W as a group of automorphisms of the ring 
/C(£/)[t ±:l ] of Laurent polynomials. We remark that, if w = Sj 1 ■ • • Sj , the 
homomorphism is determined as the composition R^ — Rs jl ■ ■ • Rs jp ■ 



4.3 Passage to the Borel subalgebra 

We now consider to transfer the birational action of W on the Borel subgroup 
B to that on the Borel subalgebra b by means of the adjoint action. 

We say that an element h of the Cartan subalgebra t) is regular if (h, a) =^ 
for any positive root a £ A + . We denote the set of all regular elements in f) 
by t) rcg , and set b rs = f) rog + n, so that 0(b rs ) = 0(f) rcg ) ® O(n), 0(t) rag ) = 
Symft')[a- 1 (o6A + )]. 

Proposition 4.5 The mapping 

H : B x f) rcg -► T x b rs : (6 = r exp(f), ft) (r, Ad(6)(ft)) (4.120) 

gives an isomorphism of affine spaces. 



Proof. Under the condition that ft £ f) is regular, for r £ T and a; € n given, 
one can find a unique (en such that Ad(rexp(£))ft = h + x, i.e., 

exp(ad(£))(ft) = h + Ad(T -1 )(x) (4.121) 

inductively with respect to the height. In fact, by the root space decomposition 

£,= ^2 £ a , x= ^ x a (S, a ,x a £Q a ), (4.122) 
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the equation above is equivalently rewritten into the recurrence formulas 



lit (a) 1 

k=2 ' frH h/3 fc =Q 

(4.123) 

for a G A + . In terms of the coordinate rings, these recurrence formulas imply 
that the mapping (b, h) — * Ad(b)(h) is represented the 0(f))-algebra homomor- 
phism 0(b) = 0(n) ® 0(f)) — > 0(B) <g> 0(f)) and that it induces an isomorphism 



0(T) 0(b rs ) = 0(T) ® 0(f) reg ) ® 0(n) 
^ 0(B) <8> 0(f) rcg ) = 0(T) ® 0(f) rcg ) ® 0(C7) 



(4.124) 

of 0(T) ® 0(t) rcg )-algebras. This proves Proposition. Q.E.D. 



The recurrence formulas (4.123) imply the inclusions 

M*(0(n)) c 0(f)) <8> 0(C/) <g> 0(T), 
( M *)- 1 (0(t/)) c 0(h reg ) ® 0(H) ® 0(T). 



(4.125) 



We remark that, as a special case of ( |4.123| ) when a = ctj, we have 

(/i, oi)^ = -r"" 1 ^ (/i 6 f), i e I). (4.126) 
It means that, under the identification of Proposition |4.5| , we have 

& = T""*, if* = -0*1*7"*, where r tt - = JJ 7 "^- ( 4 - 127 ) 
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(In the expression r ai , ctj is treated as a simple root. Otherwise, a, is regarded 
as a function on f).) 

We now consider to transfer the birational action of W from B to b rs by the 
isomorphism of Proposition 4.5. The product space B x f) rog admits the right 
birational action of W defined by 

(b,h)*w= (b*w, AdH^/i) = {g(w,b)bw 1 Ad(w)- 1 h) (4.128) 

for generic b E B and for h € f) rcg . We denote by the same symbol *w the 
birational action of W on T x b IS obtained from that B x f) rcg through the 
isomorphism /i : B x fj rog ^> Tx b rs of Proposition 4.5. Note that /i is equivariant 
with respect to the right action of the torus T on the first component of B x f) reg 
and T x b rs , respectively. Since w normalizes T, the birational action of w on 
T x b rs passes to b rs through the second projection. (For (r, x) € T x b rs with 
generic a;, the second component of (r, a;) * w does not depend on the choice 
of r). Hence we obtain a birational mapping *w : £>•••—> b, which gives a 
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commutative diagram 

B x f) reg ^ T x b rs -» b rs 

(4.129) 

B x h reg ^ T x b rs -> b rs 

of birational mappings. 

For any b = rexp(£) £ -B with generic fen, let us consider the Gauss 
decomposition 

bw = g(w,by 1 (b* w), b * w = rexp(f) (r e T, fen), (4.130) 
of If we set x — Ad(b)h so that fi(b, h) — (t, a;), then we have 

(r, x) * w = jti((6, h) * w) = (f, 2?), (4.131) 

where 

i = Ad(6 * w)Ad(u;- 1 )/i = Ac%(id, 6))Ad(6)/i = Ad(g(w, b))x (4.132) 

since b * w = g(w, b) bw. (As we remarked above, x does not depend on the 
T-component of b.) When w = Si, in particular, from (4.127) we have 

gi = exp ( a ^pj i) = ex P {j^J^j = ex P(^( x )/«)' (4.133) 

hence 

Oi ' 

x = Ad{ gi )x = exp(U(x) ad(/i))ar, i< = — . (4.134) 

<Pi 

This means that the birational action *Sj : b ■ • ■ — ► b coincides with of Propo- 
sition 4.2. On the other hand, since r = Ttp^, we also have 

n = Ipi Ti = ——TiT~ ai , Tj = Tj (j ? i). (4.135) 

Oil 

In terms of the coordinate rings, these birational action of w e W on T x 
b and b induces the automorphisms R, d , of /C(b)[r ±1 ] and /C(b), respectively. 
Combining Proposition 4.2 with (4.134) and ( |4.135| ), we obtain the following 
theorem. 



Theorem 4.6 The birational action ofW onTxb is determined &?/ the algebra 
automorphisms Rs t (i E I) of the ring of Laurent polynomials /C(b)[T ±:L ] such 
that 

(i) R h {X) = X-ai(hi,X) (iel, A 6 ft*) 

a, 11 (4.136) 
(iii) fl Si (^)=exp(^ad {} (^))W (ieUeO(n)), 
where A; = e;a;. 
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We remark that the birational action of W on b reduces in fact to that of the 
Weyl group W — W(A), since the square of *Si = Oi gives the identity mapping 
of b for each i £ I. Note, however, that (*Si) 2 is not the identity as a birational 
automorphism of T x b. In fact, the action of Rj on the T-functions differ by 
the factor — ofj, from that of Sj given in Theorem jl.2| . 

Remark: In this section, we used for the sake of simplicity the dual lattice 
L C Homz(<5 v ,Z) of the coroot lattice Q v , to specify the Cartan subgroup 
T of G. A more intrinsic way would be to take an arbitrary Z -lattice of f)* 
such that Q C L and (hi,L) € Z for all i € I, so that T = Spec(C[L]) and 
Aei Cr A , where r A (A 6 L) are the formal exponentials. Theorems 
|l . 2| and p~6| extends naturally to this setting; one has only to replace the formulas 
for Si(rj) and i? Si (r 7 ) by 

Sl (T A )=^< A >T- A , iUr A )= (-^y*' A (4.137) 

to obtain a birational realization of W and H^, respectively. 



5 Regularity of the r-cocycle 

In this section, we will prove that the value <p w (Aj) of the T-cocycle is a poly- 
nomial in A = Aq[X] for any w 6 W and j 6 /, assuming that the generalized 
Cartan matrix A is symmetrizable. For this purpose, we may assume that the 
indexing set / is finite, and Ao = 0(ri) as in the previous section. We will prove 
the polynomiality of 4> w (Aj ) by using the action of the Kac-Moody group G on 
the integrable highest weight g-modules L(A) with a dominant integral weight 
A 6 P + . Before the proof of the regularity of the r-cocycle, we investigate the 
difference between the birational realization of W of Theorem l.£ on A^b)^ 1 ] 



and that of W in Theorem 1.2 



5.1 Comparison of the two birational realizations 

In Theorem [4.6| we gave a realization of the group W as a group of automor- 
phisms of AC(b)[r ±1 ]. It is also clear that each preserves the subring A^t* 1 ] 
defined by the field of fractions JC — Q{A) of A = C[A] (§) Ao- On this field /C, 
the automorphisms i?s i coincide with the automorphism of Si : JC — > JC defined 



by Theorem |1 . 1 , while these two actions are different on the r- functions. We 
describe the difference between the two actions on the r-functions. 
Note first that 

Si(r A )= ^.A) rS4 .A ) iJ. fl(r A )= U<£\ hi ' A r a,A (5J3g) 

for each i £ I. This implies that w(t a ) and Rw(t a ) differ only by a factor which 
is a rational function of at (i £ I), when w £ W is a lift of w 6 W. Hence, 
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the ratio iV^(A) = w(t a )/ Ru>(t a ) defines a 1-cocycle of W with coefficients in 
Hom(L,Q(a) x ): 

A^(A + A') = A^(A)A^(A') (A, A' £ L), 

N 1 (A) = 1, N h (A) = (- ai ) </ll ' A> (*el), (5.139) 

AW (A) = w(Nv(A))N*(v/.A) (w,w' £ W). 

When w = • • • Sj p , the factors (A) (A £ L) are determined explicitly as 

^(A) = f[ (-^•••^_ 1 (^)) < ^* s ^- s * A> . (5.140) 
fc=i 

Note that, if w = Sj 1 ■ ■ ■ Sj is a reduced decomposition of w £ W, one has 

A+ n u,(A_) = { Sjl ■ ■ ■ s jk _, (ay J ;k = l,...,p}. (5.141) 

Assume furthermore that A £ L is dominant, i.e., (hi, A) > for each i £ I. 
Then one has 

<^»,*i»+i---*jpA)>0 (fc = l,...,p). (5.142) 
Hence, A^(A) is a polynomial in (i £ I). 

Proposition 5.1 Let w = Sj x • • • Sj p &e a reduced decomposition of an element 
of w £ W and take the corresponding element ill = Sj 1 ■ ■ ■ Sj p in W . Then, for 
any A £ L, one has 

R ^ = i^^ = 7m r ^ (5 - 143) 

where A^(A) is a rational function in the variables on (i £ I) with coefficients 
in Q. If A £ L is dominant, N^(A) is a polynomial in Ofj (i £ I) with integer 
coefficients. 



5.2 Proof of Theorem |1.3 

Recall that the Z -module of integral weights P, and the cone of dominant 
integral weights P + arc defined by 

p ={Ae(j*;(fti,A>eZ (i£i)}, 
P + = {A£t>*;(hi,A}£Z> (i£l)}, 

respectively. Note that there is a natural surjective homomorphism P — > L, 
where L = Homz (Q v , Z ), and that, for each A £ P, the values r A depends only 
on its image in L. We fix a dominant integral weight A £ P + and consider the 
expectation value 

(A| • |A) : L(A)° x L(A) -» C (5.145) 
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at A. Here L(A) is the integrable left jj-module with highest weight A, and 
L(A)° is the right g-module with highest weight A, obtained from L(A) by the 
anti-involution of g such that e° = fj, f° — ej (j G I) and h° = h for h G f). 
Note that 

n|A)=0, h\A) = \A)(h,A) (h € if) 
(A|n_ = 0, (A|fc= (h,A)(A\ (het)). 1 ' ' 

Let b — t exp(£) be an clement of B with r G T, £ G n. Then one has 

(A|6|A) = (A|tcx P (0|A) = (A|r|A) = r A . (5.147) 

Namely, r A is the expectation value of the Cartan component of b G B at A. Let 
«> G W" and take a generic 6 G B such that 6 w G U-B. Setting b*w = r exp(£) 
(r G T, £ G n), we have 

<A|6 * t£»|A> = (A|fex P (0|A) = (A| r |A) = r A = i^(r A ), (5.148) 

where Rw{t a ) is an abbreviation for Ilie,r(^"> T 0^ li ' A ^ On the other hand, we 
compute 

(A\b * io|A) = (A\g(w, b)bw\A) = (A|6 w|A) (5.149) 
since ff(w, b) G J7_. Hence we have 

R li] ( T A ) = (A\bw\A). (5.150) 

Note that w.A = A — (3, for some (3 G Q+ and that there exists an element 
Fp G U(xi-) of weight —j3 such that w\A) — Fp\A). Hence we have 

R^t a ) = (A| bFp\A) = (A|rexp(C)^|A) =T A (A|exp(0^^|A), (5.151) 

where exp(^) / g stands for the component of weight f3 of exp(£): 



exp(0/3 = 51 ' ' ( finite sum )- (5.152) 

fc=0 ' 0-L+- -+/3 k =l3 

This implies that Rw(t a ) is a regular function on S: 



Rk,(t a ) g 0(17) r A G 0(B). (5.153) 
Hence, under the identification of Proposition [O^, we have 

i?™(r A ) G 0(b r8 )[T ±x ] (5.154) 
Since we already know that the left hand side belongs to /C(b) t w - a , we obtain 

iUr A ) G 0(b TS )r w - A (5.155) 

namely, 

rh.J h\ 

G ©(b^oT 1 (a G A+)]. (5.156) 



JV«(A) 
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Let w = Sjj • • • Sj be a reduced decomposition of an element w G W and set 
iv = kj 1 ■ ■ ■ Sj p . In this setting, the normalization factor N^(A) is a polynomial 
in oti (i G J). Hence, we have 

cf) w (A) e Oib)^- 1 (a e A+)] c C(a) <8> 0(tt) = C(a) <8 A- (5.157) 

where A = £>(n) = Sym(n*). 
We now prove that 

4> W {A) €A = C[a]®Ao (weW), (5.158) 

by the induction on the length £(w) — p. Set w' — Sj 2 ■ ■ ■ Sj p so that w = s^w' . 
Then, by the cocycle property of (f>, we have 

<MA) = Sjl (<MA))0 S3i (u/A) - * J - 1 (V(A))# lXA> . (5.159) 

By the induction hypothesis, we have <j> w i (A) G A Since Sj^^l) C -4[</?^ l ], 
we see W (A) £ A[ipJ \. On the other hand, we already know that (f) w {h) £ 
C(a) ® »4q. Since ^4q — Sym(n*) is a polynomial ring including i/jjj as an 
indeterminate, we have 

C[a] ® Al^ 1 ] n C(a) ® A = C[a] ® Aq = A. (5.160) 



Hence ^(A) G ^4, as desired. This completes the proof of Theorem 1.3. 

Remark: When the Poisson algebra Aq — Sym(n*) has a Z-form, one can 
show furthermore that each cf> w (Aj) is defined over Z. To be more precise, 
suppose that there exists a 1 -submodulc S C n* such that 

(i) {S,S} c S, and 5 ® z C = n*. 

(ii) ifj G S for any j G /. 

(iii) y ad{}(<^) fc (<S) C S for any j & I and fc = 0, 1, 2, 

Then, for any dominant integral weight A G P+, one has </>™(A) G Z [A][«S] for all 
w G W. Namely, each <j> w (A) is expressed as a linear combination of products 
of Xi — e.i<Xi (i G /) and elements of S, with integer coefficients. 



6 Concluding remarks 

In this paper, we proposed a general method to realize an arbitrary Weyl group 
W = W(A) as a group of automorphisms of the field of rational functions K, = 
C(Aj, (fi, {ifi, <pj}, ■ ■ ■), starting from a nilpotent Poisson algebra generated by 
cfi (i G /) with the Serre relations. Also we discussed how this realization arise 
from the Weyl group of the Kac-Moody group through the Gauss decomposition. 

Here we give two remarks about the cases when the GCM is of affine type. 

(1) When the GCM is of affine type, our construction already provides a class of 
discrete integrable systems associated with the affine root system, as is discussed 
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in our previous paper || . They can be regarded as a universal version containing 
higher ip- variables (or /-variables (^]). 

(2) Birational realizations of affine Weyl groups, in the sense of this paper, 
arise also as groups of Backlund transformations for nonlinear differential equa- 
tions of Painleve type, obtained by certain reduction from the Drinfeld-Sokolov 
hierarchy of modified type [Q. 

Detail of such specific features of the affine cases will be discussed in our 
forthcoming paper. 
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